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Abstract: In this paper, we study cooperation and coordination in a threshold public goods game
with asymmetric players where players have different endowments e;, productivities p;, and rewards
r;. In general, this game has a defective Nash equilibrium (NE), in which no one contributes, and
multiple cooperative NEs, in which the group’s collective contribution equals the threshold. We then
study how multiple dimensions of inequality influence people’s cooperation and coordination. We
show that heterogeneity in e;p; can promote cooperation in the sense that the existence condition
of the defective NE becomes stricter. Furthermore, players with higher ¢;p; are likely to contribute
more at a cooperative NE in terms of collective contribution (i.e., absolute contribution multiplied
by productivity).

Keywords: threshold public goods game; asymmetric game; cooperation; coordination

1. Introduction

Exploring cooperation and coordination stands out as a fundamental application of
game theory. This field seeks to elucidate which mechanisms drive cooperative behavior
and how individuals coordinate towards a more efficient equilibrium. Much of the existing
work in this field considers homogeneous populations. However, inequality is ubiquitous
in humans. Individuals often vary in their endowments, productivities, shares of rewards,
and social hierarchy positions. Asymmetric games raise many exciting questions that are
difficult to tackle within the standard setup of symmetric games. For example, what is the
impact of various forms of inequality on cooperation and coordination? Does endowment
inequality make cooperation and coordination more difficult than productivity inequality?
How do individuals coordinate when they differ in multiple dimensions?

The existing literature suggests that the effect of inequality on cooperation is nontrivial.
A considerable number of studies based on public goods games has found that endowment
inequality tends to reduce cooperation [1-3] but that asymmetric productivities and the
sharing of public goods tend to positively influence contributions or maintain a neutral
impact [4-7]. In addition, in cases of both endowment and productivity heterogeneity,
optimal cooperation is achieved when individuals with a higher productivity also possess
greater endowments [8].

In contrast, the interaction between inequality and coordination has attracted less
attention. In this paper, we discuss this issue within the framework of a simple coordination
game, a threshold public goods game (TPGG). In a TPGG, individuals derive benefits
from contributing to a public good only when their total collective contributions (i.e.,
absolute contribution multiplied by productivity) reach a certain threshold [9-11]. In
general, a threshold public goods game tends to have many equilibria, including a defective
equilibrium in which no contributions are made and a set of cooperative equilibria in
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which the group’s collective contribution exactly meets the threshold [9,11]. A cooperative
equilibrium is more efficient than a defective equilibrium; therefore, everyone has the
motivation to achieve the threshold. However, different players may prefer different
cooperative equilibria. They may prefer other group members to contribute more, allowing
them to contribute less, thereby leading to a nontrivial coordination problem.

When the TPGG is symmetric, i.e., all players have the same endowment, productivity,
and share of the reward, a natural solution is that all the players contribute the same
amount of their endowment to the public good. However, when the TPGG is asymmet-
ric, experimental studies have demonstrated a negative effect of endowment inequality
on coordination': while rich subjects often make higher contributions compared to the
symmetric case, the much less contributions from the poor lead to an overall decrease in
the total collective contribution in the asymmetric scenario [11-13]. In contrast, it seems
that productivity inequality does not have a significant effect [11]. The effect of inequality
on cooperation and coordination has also been investigated in a variation of the TPGG,
the climate game (also known as the collective-risk dilemma game) [14]. Experiments
have found that achieving coordination is hindered more by endowment inequality than
by productivity inequality [15-18]. Furthermore, the effects of multiple inequalities on
coordination are generally more complex [19].

Most of the existing studies on asymmetric TPGGs have considered two types of
players with only one source of asymmetry: they either differ in endowments or in pro-
ductivities’. It is not clear how multiple dimensions of inequality influence people’s
cooperation and coordination in large groups. In this paper, we consider an n-player
asymmetric TPGG where players have different endowments, productivities, and rewards.
We focus on the following two questions:

e  What is the impact of various forms of inequality on cooperation?
e  How do people coordinate when group members differ among multiple dimensions?

We investigate the impact of various forms of inequality on cooperation by examining
the existence conditions of Nash equilibria. Furthermore, to analyze the coordination
among players with multidimensional differences, we quantify the size of cooperative
NE subset in which a specific player makes the largest relative, absolute, or collective
contribution.

Section 2 provides a detailed description of the asymmetric TPGG model. In Section 3,
two theorems are presented to address the two key questions. Section 4 conducts a nu-
merical analysis, illustrating the theoretical findings with concrete examples. Conclusive
remarks are given in Section 5.

2. Model

Let us consider a threshold public goods game (TPGG) with n asymmetric players.
Each player i (withi =1, ..., n) starts with some endowment, meaning ¢; > 0. Then, each
player independently decides which fraction x; of their endowment to contribute to the
public good. Each player’s contribution is multiplied by a productivity factor p;. We refer
to x;, e;x;, and e;p;x; as player i’s relative contribution, absolute contribution, and collective
contribution, respectively [11]. If the total collective contribution of the n players reaches
a predefined threshold 0, then each player i obtains a reward r; along with their remaining
endowment. Otherwise, the players only receive their remaining endowment. As a result,
the players’ payoffs are as follows:

f(x) _ 61'(1 — xi) + 7, if Z?:l eipiXi >0,
! ei(1—x;), if Y eipix; <.

This game can have various kinds of heterogeneities with respect to endowment e;,
productivity p;, and reward r;. To compare the impact of various forms of inequality, we
assume ) ' ;e;jp; = Gand Y[ ;r; = R, i.e., the maximum amount of group collective
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contribution and the total amount of reward are fixed. Furthermore, we assume r; > ¢; for
alli =1,2,...,n,ie., the social welfare is improved if the group reaches the threshold®.

3. Results

In general, an asymmetric TPGG has two types of NE. First, there is a set of cooperative
NEs in which the total collective contribution exactly meets the threshold. In addition,
there may exist a defective NE in which all the players choose not to contribute. Theorem 1
provides the existence conditions for the two types of NE (see Appendix A for the proof).

Theorem 1. The defective NE, x = 0, exists if and only if, for any player i, (1) 0 > e;p; or (2)
0 = e;jp; and r; = e;. In contrast, a cooperative NE (i.e., at least one player contributes to the
public good) exists if and only if 0 < 0 < G. In addition, the set of cooperative NEs has the form

{x[Xis  eipixi = 0 }.

Theorem 1 reveals the impact of various inequalities on cooperation from the per-
spective of NE. It indicates that individual differences have no effect on the existence of
a cooperative NE. The cooperative NE set is not empty if and only if the maximum amount
of group collective contribution is not less than the threshold. We then analyze the effect
of heterogeneity on the defective NE by assuming #; > e; (i.e., the critical case r; = ¢; is
excluded). For the symmetric case, the existence condition of the defective NE can be
simplified as 6 > % For the asymmetric case, the defective NE exists if and only if 6 > ¢;p;
for all players. Without a loss of generality, we consider that players differ in e;p;, with
e1p1 > expa ... > eypn (ie., player 1 is the most ‘able’ player). In this case, the defective
NE exists if and only if 8 > e1p;. Let us note that e;p; > M = %, and the existence
condition of the defective NE becomes stricter than that in the symmetric case. This implies
that heterogeneity in e;p; has a positive impact on cooperation. In particular, defection
ceases to be an NE when e1p; > 6 because, in this case, player 1 is motivated to contribute
even if all the other players defect.

Theorem 1 also shows that, when 0 < 6 < G, the game has an infinite number of
cooperative NEs. In all these equilibria, the group collective contribution reaches the thresh-
old (i.e., Y} _; expkxx = 0); yet, they vary in how the contributions are distributed among
the players. We then analyze which player contributes more to a cooperative NE in the
presence of asymmetries. We note that there are three measures of individual contribution,
namely, relative contribution, absolute contribution, and collective contribution. We denote
the subsets of the cooperative NE set where player i has the highest relative contribution,
absolute contribution, and collective contribution by S}, SI-Z, and Sf’, respectively, and we
denote their sizes (under the Hausdorff measure) by |S}!|, |S?|, and |S?|, respectively. Intu-

Sf-‘ > ‘S;( ‘ for all j # i (k = 1,2, 3) means that player i is more likely to contribute
most at a randomly chosen cooperative NE in terms of the relative, absolute, or collective

contribution*. Theorem 2 compares the sizes of the different subsets (see Appendix B for
the proof).

itively,

Theorem 2. Let us suppose that e;p1 > expa ... > enpn.

(1)  For relative contribution, SH < ... < !S}l} if 0 < 0 < eypn, and |S%| > L. >
|Sh] if Tic eipi < 0 < G.

(2)  For absolute contribution, when there is endowment heterogeneity, i.e., ey > ... > e, and
pr=...=pu |S5] = ... > |S2| forall 0 < 6 < G. When there is productivity
heterogeneity, i.e., ey = ... = ey and py > ... > pu, [S} < ... < |S3]if 0 < 6 <
enpn, and |S3| > ... > |S2| if Y eip < 0 < G.

(3)  For collective contribution, S?| > > |Sﬁ|f0r all 0 < 6 < G. Furthermore,
1S3]if 0 < 6 < enpn.

S =...=
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Theorem 2 summarizes the contribution patterns in cooperative NEs when group
members differ across multiple dimensions. First, ‘able” players (i.e., players with larger

e;p;) are likely to make higher collective contributions in the sense that |S?| > ‘5]3’ if

eipi > ejp;j. Inaddition, if the threshold is sufficiently low such that any single player is able
to achieve it, then all players are equally likely to make the highest collective contribution
in a cooperative NE, irrespective of their abilities. Second, ‘able’ players are likely to have
higher relative contributions only for large threshold, where successfully reaching the
threshold requires the joint efforts of all players. However, for sufficiently low threshold,
‘able’ players tend to make smaller relative contributions. Finally, the results for absolute
contribution depend on both e; and p;. When there is endowment inequality, the players
with higher endowments are likely to contribute more for all thresholds. However, when
there is productivity inequality, the more productive players are likely to contribute more
only for large threshold.

4. Numerical Analysis

Theorems 1 and 2 qualitatively analyze the effect of various forms of inequality on
cooperation and coordination. In particular, Theorem 2 compares the relative sizes of S
for low thresholds (i.e., 0 < 8 < e, p,) and high thresholds (i.e., Z?;ll eipi <0 <G). In
order to enhance the comprehension of the two theorems, we calculate the Nash equilibria
and absolute sizes of the three types of subsets Sil, Slz, and S? for two-player threshold
public goods games with all 0 < 8 < G. Inspired by [8], we consider five scenarios,
namely, full equality, endowment inequality, productivity inequality, aligned inequality,
and misaligned inequality. Full equality corresponds to a homogeneous scenario, whereas
in the endowment inequality and productivity inequality scenarios players only differ
in a single dimension. In the last two scenarios, players differ in two dimensions: in the
aligned inequality scenario, both advantages concentrate in one player, with the high-
endowment player being more productive, while in the misaligned inequality scenario
these two advantages distribute across two players, meaning the high-endowment player
is less productive. Furthermore, e;p; = eppp = 30 in the full equality and misaligned
inequality scenarios; e;p; = 40, e2p2 = 20 in the endowment inequality and productivity
inequality scenarios, and e; p; = 48, eap2 = 12 in the aligned inequality scenario. Detailed
parameter settings for e; and p; can be found in the first column of Table 1 (G = 60 and
r1 = rp = 45 in all five scenarios). For each scenario, the threshold 0 is categorized into
three ranges according to Theorem 2, i.e., low thresholds 0 < 6§ < epp,, intermediate
thresholds e;pp < 0 < e1py, and high thresholds e;p; < 0 < G.

We first study the effect of inequality on cooperation. Theorem 1 says that heterogene-
ity in e;p; can promote cooperation in the sense that the existence condition of the defective
NE becomes stricter. From Table 1, the existence conditions of the defective NE in the full
equality, endowment inequality, productivity inequality, aligned inequality, and misaligned
inequality scenarios are 6 > 30, § > 40, 0 > 40, 8 > 48, and 6 > 30, respectively. This
shows clearly that the existence condition of the defective NE is harder to satisfy when
heterogeneity in e;p; increases.

We then analyze the set of cooperative NEs. Figure 1 shows the set of cooperative NEs
for different game scenarios and thresholds 6. For a two-player threshold public goods
game, the set of cooperative NEs is a line segment in the x1-x, plane with slope —%.
Furthermore, the length of the line segment (which measures the size of the cooperative NE
set) does not change monotonically in the threshold: it first increases and then decreases as
6 increases from 0 to G.
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Table 1. Nash equilibria and sizes of Sff in two-player threshold public goods games. Column
1: Five game scenarios are considered, namely, full equality, endowment inequality, productivity
inequality, aligned inequality, and misaligned inequality. Column 2: For each scenario, the threshold
6 is categorized into three ranges according to Theorem 2. Column 3: The cooperative NE set is
non-empty for all parameter combinations, and the defective NE exists only for high thresholds.
Columns 4-6: Absolute sizes of the three sets S}, S,Z, and S?. The size relationship between ‘Sll‘)

and ‘Slﬁ’ is marked using different colors. Red: ‘511" > ‘Sé‘ Black: ‘S’l‘) = ‘Sg’ Blue: ‘Sll" < ‘Sg’
the relationship between ‘S’{’ and ‘S’é) depends on 0. Three cells are highlighted. In these cells,
|S3| > |S3]| for almost all 6. The exceptions are 6 = 20 in the first two cells and 6 = 12 in the last cell.

(e1,e2,01,0) Threshold NE (st isin (1621,1821) (831,183 1)
Full equality 0 =230 xX1+x=1 (@/ %) (gr %) (4, \/Tf)
(30,30,1,1) 0
X1+ X2 = 39/ V20 V20 V20 V30 Nel) V20
30<6 <60 X =2x =0 (ﬁ—w'ﬁ—w> (ﬁ—wﬁﬁ—w) (ﬁ—wﬂﬁ—w)
— 0 50 /50 50 /50 50 /50
Endowment 0<0<20 2t =g (ﬁ' V(T) (\S[T' \8[70) (xSfT’ LO)
=0 Vo0 V5 /50
inequality 0=0<40 2x 4 = 290 (T' 2 = T)
(40,20,1,1) 2201 +x2 = 555 V50 V5 /50 3v5 /50 3v5 _ /50
40<6 <60 X = =0 (\/E*Wr\ *W) <\77T'0) (T*4o'o>
— 0 /50 /50 50 /50 50 /50
Productivity 0o Zatn=m ( 20/ % > <VlT‘{" ® > (LU’ LO)
_ 8 50 V5 _ /50
inequality 20<6<40 2t 0=g5 (W' w2 T)
(20,20,2,1) 201+ 22 = 5p; /50 /5 _ /50 V50 5 \/50 35 _ /50
40 <6 <60 x1:x2:0 (ﬁix(vl)’\/Ti\iiO) (\/gi 60’\77ﬁ) (%7\40/0)
A 0 176 0 V176 1760 V170
0<8<12 4 +x =4 (‘2]4(), Yoo ) (\Illi' V7]2/) (\/9;’ 96 )
Aligned 12<6<48 b +xm =4 min{ *57*, 7},
inequality NGl T
(24,12,2,1) ; max{ 7 — 47,0}
40 +x2 = 335 70 V17 _ /170 5VI7 _ /170 5VI7 _ /170
48 < 6 < 60 - (\/ﬁfﬁ,\T,vao) (\4 ,T,O) (T\F,VT(O
o<o<m  minmh (B W) (7 @) (7 %)
Misaligned 0 =30 X1+ x =L (ﬁ ﬁ) (M Q) (ﬁ \Q)
: . 30 272 33 2/ 2
inequality [)
(30,15,1,2) 30 <6 <60

Columns 4-6 in Table 1 show the (absolute) sizes of the three sets Sl-l, 51-2, and Sf’ for
different game scenarios and ranges of 6. Overall, the difference between the sizes of the

two cooperative NEs sets, ’S’f ‘ — ’572‘ , expands as 8 increases for all k = 1, 2, 3. In other
words, higher thresholds result in an increased probability that the more ‘able” player

makes a greater contribution at a randomly chosen cooperative NE. However, the size

relationship between ’S’f‘ and S;f’ depends crucially on ¢;, p;, 8, and the contribution type.

For relative contribution, as pointed out in Theorem 2(1), in game scenarios with
heterogeneity in e;p; (i.e., the endowment inequality, productivity inequality, and aligned
inequality scenarios), the size of |S}| is less than |S}| for low thresholds 0 < 6 < eps,
whereas the opposite is true for high threshold e;p; < 8 < G. In addition, for intermediate
thresholds e;p, < 6 < eqpy, the size of |S]] (or |S%’) is increasing (or decreasing) in 6. In
contrast, in game scenarios without heterogeneity in e;p; (i.e., the full equality and mis-
aligned inequality scenarios), |S}| = |S}| for all 6. For collective contribution, Theorem 2(3)
predicts ‘Sﬂ = ’S%’ for low thresholds 0 < 6 < eyp,. This is indeed the case. Furthermore,
we observe ’Sﬂ > ‘S§| for the intermediate and high thresholds e;pp < 8 < G in the three
game scenarios with heterogeneity in e;p;. This observation is slightly stronger than the
prediction of Theorem 2(3) (which says that ’S‘i” > |S§ |). Finally, the numerical analysis
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confirms that the results for the absolute contribution are sensitive to e; and p;. In particular,
|S2| = | S3| in the full equality scenario; |S%| > |S3| for all 6 in the endowment inequality
and misaligned inequality scenarios, and |Sﬂ < ‘S%| for low thresholds and ’Sﬂ > |S3| for
high thresholds in the productivity inequality and aligned inequality scenarios.

Full equality Endowment inequality ~ Productivity inequality Aligned inequality Misaligned inequality
(a) I\ T T \F T " F T n I T n I
S
% S ost 1 osh 1 osh 1 ost 1 ost
= \Q\ \Et\
o, . . o, . g Ok . P B . s B . L
0 0.5 1 0 0.5 1 0 0.5 1 0 05 1 0 05 1
b -
< (®) 1 1 1 1
Q
<
(]
=
T o~ ; ;
OE) 5 05 1 05F 1 o0sp 1 0sp 1 05p
=
Q
-
e
U . i Y ot . d Ok . U . Y . il
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
(c) P TP T I T TR T TR T !
'ﬁ) & 05k 0.5 4 05F 405 1 05F 1
E
ote . ote . 4 o . 4 o . 4 ol . a
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
Iy Iy I I T
O Equal relative contributions <> Equal absolute contributions O Equal collective contributions

Figure 1. Nash equilibria for different game scenarios and thresholds 0. Utilizing parameters from
Table 1, we set (a) 0 = 10 in the low 6 panel, (b) 8 = 30 in the intermediate 6 panel, and (c) # = 50 in
the high 6 panel for all five game scenarios. The colored segments denote the sets of cooperative NEs,
and the colored filled points denote the defective NE. Squares, diamonds, and circles, respectively,
denote the points of equal relative contributions, equal absolute contributions, and equal collective
contributions in the cooperative NE set. Thus, these points are the segmentation points of sets Sk
(below the point) and S’zC (above the point) for k = 1,2,3. When multiple points overlap, they are
adjusted horizontally to be better differentiated. The grey area indicates that the threshold is reached.

5. Concluding Remarks

In this paper, we consider an n-player asymmetric TPGG, where players have different
endowments, productivities, and rewards. This game can have a defective NE and multiple
cooperative NEs. We show that heterogeneity in ¢;p; can promote cooperation in the sense
that the existence condition of the defective NE becomes stricter. Furthermore, players
with higher e;p; are likely to contribute more at a cooperative NE in terms of collective
contribution, but they do not necessarily have a higher relative contribution or absolute
contribution. This result is consistent with a recent experimental study on a two-player
asymmetric TPGG [11]. In the study [11], subjects either differ in their endowments
or in their productivities. In most of the successful groups (i.e., the group has reached
the threshold), the collective contribution of the rich individual or the more productive
individual is higher, but the two group members tend to have similar relative contributions
in the endowment inequality scenario, while having similar absolute contributions in the
productivity inequality scenario. In sum, our study highlights the nontrivial effects of
inequality on cooperation and coordination in a TPGG.

To deepen our understanding on human behaviors in TPGGs, a possible direction
for future research is to empirically validate the theoretical findings for scenarios where
players differ in two or more dimensions (e.g., the aligned and misaligned inequality
scenarios discussed in Section 4). Another direction for a future investigation could focus
on the coordination problem in an asymmetric climate game. A recent study showed that
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cooperation can be an equilibrium outcome if and only if the weighted average of climate
risk of all countries reaches or exceeds the coefficient of emission reduction target [20].
However, the climate game can have multiple cooperative equilibria, in which countries
have different responsibilities for carbon emission reduction at different equilibria. Thus,
a natural question would be the following: how do countries with different endowments,
climate risks, and emission reduction costs coordinate? Finally, the reward value for each
player in our model is considered to be fixed. It would be interesting to investigate the
TPGG model within a cooperative game framework, where rewards are assigned, according
to the players’ values, to each coalition. Specifically, one could calculate the stable reward
allocation schemes in asymmetric TPGGs based on the Shapley value, CIS value, and
nucleolus and compare the fairness and efficiency of these allocation schemes.
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Appendix A. Proof of Theorem 1

Proof.
(i) Existence conditions of a defective Nash equilibrium

If x = 0 is a Nash equilibrium, then no player has an incentive to contribute when
others do not. Therefore, for any player i with strategy 0 < x; <1,

e > ej(1—x;)+r;, ifepix; >0,
e > e(1—x;), if e;p;x; < 6.

According to the assumption of r; > ¢;, it follows that, for any player i, (1) 8 > ¢;p; or
(2) 0 =ejp;and e; =r;.

Intuitively, condition (1) implies that the group cannot reach the threshold when only
one player contributes. Condition (2) implies that, although the threshold can be reached
if player i contributes all of his or her endowment, there is no payoff improvement for
player i.

(ii) Cooperative Nash equilibria set and its existence condition

Let us suppose that the strategy profile x satisfies } ;" ; e;p;x; > 0. On the one hand, if
Y4 eipix; = 0, then itis easy to check that no player has an incentive to increase or decrease
his or her contribution under the assumption of r; > e;. On the other hand, if }!" ; ¢;p;x; > 6
or0 < Y/ e;pix; < 6, then at least one player can obtain a higher payoff by reducing his or
her contribution. Therefore, the set of cooperative NEs is {x|Y_/" ; ¢;p;x; = 6 }. In addition,
the cooperative NE set is empty if and only if § > G (i.e., the group cannot reach the
threshold even if all the players contribute all of their endowments). Thus, a cooperative
NE exists if and only if 0 < 0 < G. [
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Appendix B. Proof of Theorem 2

Proof Outline. Theorem 2 includes three parts of results, namely, results for (1) the
relative contribution, (2) the absolute contribution, and (3) the collective contribution. We
begin by proving part (3) and then establish part (1) based on the approach developed in
part (3). Finally, part (2) can be directly obtained from part (1) and part (3).

To prove part (3), it is enough to compare the measures of two consecutive sets,
57| and |S?, ; |. We transform the set S? to a new set W; through an affine transformation
and show |W;| >|W;, 1| forall0 < § < Gandi = 1,...,n — 1. This then implies that
3> ... > |S3].

For part (1), when Z?:_ll eipi < 6 < G, each set Sl-1 can be regarded as an (1 — 1)-
dimensional polytope. Thus, the comparison between |S!| and |5} +1‘ can be made by
directly calculating the volume of these polytopes. When 0 < 6 < e,p,, we apply the

approach developed in part (3) to compare |S} | and |S} 1]- Specifically, we represent S}

as U7, (Sll N 5]3), and, therefore, |S}| = 1 ‘S} N S;" It is easy to check that S} N S;? =0
fori < j. Hence, to establish |SH < |Si1+1

, we only need to prove the following two lemmas

(refer to Figure A1).
Lemma 1. When 0 < 6 < e,py, S} N 5]3” < S}H ﬂS?’fori > j.
Lemma 2. When 0 < 0 < e,py, |S} ﬂS?| < |Sl-1+1 ﬂ5?+1|fori =1,...,.n—1
1 3 1 3
Sinsi SiNnS; Sinsg sinsh, Si N Si
] b—tk-—d----F---l &
1 RS R
: Lemma1l: : \\\I.cmmaZ: b ~
i |53 in 87| <|sk, NS} P st nsP<N (1)}
i fori>j. . \szlﬂ n 5111|‘\
1 1 \ .
| } } I l —-—=d4-=--1 s,
1 3 . 3 1 3 ¢l 3 1 3
SixaNSP Siy1 NS r S NSF S NSy o Sk NSa

Figure A1. Comparison between ’SH and ’S}H‘ when 0 < 0 < e,py.

Proof of part (3). The set S? is defined as

S?: {(xl,xZ,...,xn)

Y1 ekprxx =6, mkax{ekpkxk} = e;pixi,
xc € [0,1],Vk € {1,2,...,n} '

Applying the following affine transformation F : R" — R" to set S yields a new set
Wi;, as follows:

X1 e1p1 0 ... 0 X1 X1
X2 0 expo ... 0 X2 X2
— o : : . =A
Xn 0 0 .. enPn Xn Xn
Their measures satisfy |S?| = Hml‘ , where ||A|| > 0is the Jacobian determinant. The

set W; is expressed as
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Yk—1ekPrxk =0, mlf‘x{ekpkxk} = eipiXi,
Wi = ¢ (e1p1xy,€2p2X2, . .., €nPnX,,) 0 < expxe < expr, Vk # i,
0< eippir1xii1 < eipixi < e;ip;

Similarly, applying the same transformation to S? ', yields Wi, 1, which is expressed as

Yk—1kPrxk =0, mlf‘x{ekpkxk} = €i11Pi+1Xi+1,
Wiy = q (e1p1xy,e2p2xa, ..., enpnX,) 0 < erprxx < expr, Vk #i,i+1,
0 < eipix; < eip1piy1Xit1 < €iy1Pit1

Given that e;p; > eppy > ... > eupy, the set W; can be partitioned into W/ and W/,
where W/ is expressed as

Ykt ekPrxk =0, m]flx{ekpkxk} = eipiXi,
!/ P
Wi = q (eprxy, e2pax, .. enpnty) 0 <exprxx < expr, Vk#14,i+1, /
0< eip1pir1xii1 < eipixi < €1 1Pit1
and W' is expressed as
” /
W = W\ W,

Thus, |W;| = ‘Wi/‘ + |Wi” | Due to the symmetry of e;p;x; and e; 1 p;11Xi+1, we deduce
that |W/| =|Wj,1|. Consequently, |W;| > [W;1], and, therefore, |S?| > |S? ;.
Furthermore, when 0 < 0 < e, py;, the set S? can be written as

S?: {(xl,xz,...,xn)

1 0
E exprxr =0, x € [0, ], max{eprxr} = el-pl-xi}.
=1 €xPk k

Correspondingly, the set W; is expressed as

Yi—qexPrxk =0, exprxi € [0, 9],}

Wi = {(61p1x1,62p2x2, .. .,enpnxn) maX{ekkak} — eipixi
k

Due to the symmetry of e;p;x; and e; 11 p;1Xi11, it is obvious that |W;| = |W;,1|, and,
therefore, |S?| = |S?Jrl )

Proof of part (1). The set S} is defined as

Sil: {(xl,xz,...,xn)

n
Y eprxe =6, x, € [0,1],Vk € {1,2,...,n}, m]?x{xk} = xl}.
k=1

(i) When E?;ll e;pi < 8 < G, each 51'1 is an (n — 1)-dimensional convex polytope formed
by n vertices. Specifically, we define the following:

6 — Z;l;q CkPk 1.1

“1: e]p] 7 7 /"'/1 ;
0 — Yiio ekPr
Ny = 1,%,1,...,1 ;

0 — Y, ekPk
Ky = (1118§ ;

and O = (%,%,...,%).
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The vertex set of the convex polytope S} is written as {O, a1, ..., &;_1,&11,..., 0}
Thus, the volume of S} (in terms of the Hausdorff measure) can be obtained by calculating
the magnitude of a cross product

01 02 ... Ui 1 0j Ujy1 ... Opn
a1 a ... a a a ceeoa
a dy ... a a a
w = 7
a a;_q a a
a a  4ai4q a
a a ... a a a . Ap

where v; is the unit vector, and

a=1-— %;
_ 0 -Ykaeape 9.
h= e1p1 e
_ 0 i 0.
L=""ap ~ G
P O —YimePk g
n - enpPn G

The magnitude of w, which equals the measure of S}, is then given by

\V Li=1 (expr)” (G —0)" '

w| = eipi.
| | G:[—‘[ln:1 €kpk lpl

Since ey p; > eapa > ... > eypy, itimplies that |Sll| > |Sl-1+1] foralli € {1,2,...,n—1}.

(i) When 0 < 6 < e, pn, we represent 51-1 as U;’:1 (511 N S?) and focus on the set Si1 N S?.
This set can be expressed as

Sil 05]3 = {(x1,x2,...,xn)

2]?:1 exPrXx = 0, X € [0, 1],Vk S {1,2,.. .,n},
ml?x{ekpkxk} = €jpjXj, m]?x{xk} = X :

In the following, we prove the two lemmas mentioned in the proof outline.

Proof of Lemma 1. Applying the affine transformation F (this transformation is introduced
in the proof of part (3)) to the set S} N 5]3' yields a new set V; ,

Yi—1exPrxk = 0, exprxx € [0,expi], Vhk € {1,2,...,n},
Vij =1 (e1p1xy, e2p2%2, - ., enpuX,,) .

m]?x{ekpkxk} = ejpjX;, mfx{xk} =X

First, we claim that |Vi,]" > 0 for i > j under the condition 0 < 6 < e, p,. To demon-
strate this, we prove that the interior of Vl-J is nonempty. Given 0 < 6 < e;p, and i > j, we
can find § = (41,42, ...,4n) € V; such that rkni;({ﬁk} <{jand rililx{g;%} < % For every

g=1(81,82,-..,8n) close to g, it can be written as eq + (1 — €)§ for small ¢. Specifically, we
can choose g from the compact set

i1 exPrXe = 0, erpirxir € 10, exprl,
c— {(81;?1961,62;72962,---,enpnxn) Yk—1 CkPkXk KPixk € [0, expi] }

espsxs = 0 for some s € supp(§)
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which consists of the faces which do not contain 4. It is evident that g € V; ; for a sufficiently
small e. Hence, forevery g € C,g = eq + (1 —¢)§ € V; ; foralle < &(q). Itis easy to see that
€(q) can be chosen as continuous. Let € := min{é(q) : g € C}, which is strictly positive.
Therefore, the neighborhood of 4, denoted as {g|g =¢eq+ (1 —¢)§,q € Cand e < g}, is
contained within the set V; ;. Consequently, Vi/j| > 0fori > j.

Next, we rewrite the sets Vi1 j and V; ; as follows:

ZZ:] exPrXx = 0, exPrXi € [O,Ekpk],Vk S {1,2,. . .,Tl},
Vii1j =< (e1p1xy, e2paxa, ..., enpnX,,) max{epi} = ¢jp;xj,

k@%{empmxk} <eippir1Xiv1 < €jpjx;

and

Yo ek = 0, exprxi € [0, expi], Yk € {1,2,...,n},
Vij= (e1p1Xxy,€2P2X2, ..., € PuX,) m]?x{ekpkxk} = ¢iPjXj,
Ii‘il?({eipixk} <eipixi < ejpjx;

Partition the set V; 1 ; into V; , ; and |74

i+1,f i+1,j7 where

EZ:l ek PrXx = 9, exPrXx € [0,€kpk],Vk S {1,2,. . .,Tl},
m}?x{ekpkxk} = Ejp]‘x]',

!
i1, = (e1p1xy, e2p2x2, ... enpnx,,) ,
CipiXi
max {; 11X < € 11X+ < ejpjmaxq max X :
k;éi—i-l{ PN S GP i < G {k;éi,i-H{ kb apn }
and
2712:1 exPrXx = 0, exPrXr € [O, 6kpk],Vk S {1, 2,... ,l’l},
y max{expxXr} = €;pjx;j,
Viiaj = § (e1p1xy, eapaxy, ..., enpnX,,) k
. eipiXi e o~
e,plmax{k;r}?il{xk}, G Piet } < eir1Piv1Xip1 < €jpjx;
Following this, Vi+1,j| = VZ’Jrl j‘ + Vi/_'Irl j“ Due to the symmetry of e;p;x; and

€i+1Pi+1%i+1, we can deduce that ] Vi ] = ‘ %4

" . .| fori > j. Considering that max {¢; L1 X <
1+1,]‘ ] g k;éi-i-l{ i+1Pi+1 k)

pm €iPiXi i / . .
eipi ax{kg},ﬁl{xk}' P }, it follows that Vi+1,j’ > 0. Therefore, |V; ;| < |Vi41,j, and,
1163 1 3 P
thus, |S; ﬂS]-’ < SiHﬂS]- fori > j.

Proof of Lemma 2. In the first step, we prove that |53, N S3| > |S}, N S?, ;| form > i+1
and 0 < 8 < e, py. Let us consider the set V,, ;, which is obtained by applying the affine
transformation F to set S}, N S3.

Yi_iexpkxe =0, exprxk € [0, expi), Vhk € {1,2,...,n},
Vm,i = (elp1x1r62p2x2/-~-1enpnxn) .

m]flx{ekpkxk} = €iPiXi, m,f‘x{xk} = Xm

When 0 < 0 < e, py, from Lemma 1, we have |V}, ;11|> 0 and |V,,;| > 0form > i+ 1.
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We rewrite the set V,,, ;11 and V},, ; as

Yiio exprxe = 0, max{egpixi} = eip1pipiXir,
Vinit1 =  (e1p1xy, e2p2%x2, ..., €npPnX,,) Vk #i,i+1, 0 < epprxx < exPrXm, ,
0 <eipixi < €it1Pit1Xi+1 < €i41Pit1%m

and
Yk—1ePrxk =0, m]fx{ekpkxk} = eipixi,
Vini = (e1p1Xq,e2p2x2, ..., enpnx,) Vk #1i, 0 < exprxx < expxXm, ,

0 <eip1piv1Xip1 < eipiXi < eipiXm

and then partition the set V,, ; into V’ ;and Vm » where

Yk—1kPrxk =0, mfx{ekpkxk} = eipiX;,
! P
Vm,i = (31P1x1/62772x2/ oo /enpnxn) Vk 74— 1,1+ 1, 0 < e PrXk < exPxXm, ’
0 <eif1pit1Xip1 < eipiXi < € 1Pit1Xm

and

Y exprxr =6, ml?x{ekpkxk} = e;piX,
1!
Vm,i = (e1p1xy,e2p2%2, . .., €0 X)) Vk #1, 0 < exprxy < expxXm,
eir1Piv1Xm < €ipiX; < eipiXm

Hence, |V,,;| = ’V,;1 i+ ’V;;,i . Due to the symmetry of e;p;x; and e;11pi+1Xi+1,
|Vini+1] :’ Since e;pixy > €iy1Pit1Xm, V;Z,i > 0. Therefore, |V,,i| > Vi1l
and, thus, ﬂS3|>|SlﬂSl+l|form>i+l

In the second step, we prove |S] N S?| < ‘Serl N 513+1| Frompart (3), |S3| = ... = |S; |

when 0 < 0 < e, p,. We note that the following equations hold:

‘slms

1+1‘ - i1

g3

1

4

n
_ ;‘s}msf ;

and | (81 N87) N (S1NS})| = Oforall j # k. Given [S}, N8| > |8} N 8%,y | form > i+1
and 31053 @ fori < j, we deduce that |S; N S?| +[S},; N S?| < |S}, NS, ;| (refer to

Figure A2) Consequently, [S] N S?| < [}, NS?,|.O
stns  sins? stns? Sl+1n5i3 sins?
F------4----k — : | s
\ 1
W—/ ‘Step Z:Prov\é\ : !
& N Is'l n5.3|<\ : St;epl:Prove . Fro}mpart(3)
\‘1151-11 fl\5i3+1‘ : |Sa N SE > |Shn St |87 =[S
/—M \\\ : ;
Fomml-==d4-=—-F - - ) : | st
1 3 1 1
Sl n Sl"’l 52 0S54, Si N SH—l Sl+1 n Sl+1 Sp N Sl+1
Figure A2. Comparison between |Sl1 N 513| and ‘Silﬂ z+1‘ when 0 < 0 < ey py.
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Notes

1

Dragicevic [10] theoretically studied a TPGG in the context of the option fund market and found that payoff inequality between
buyers and sellers can undermine coordination efforts.

Dong et al. [19] considered a climate game with two types of players, in which rich (or poor) players have higher (or lower)
endowment and emission reduction cost (i.e., low productivity). Their theoretical analysis and behavioral experiment based on
specific parameters showed that the effect of multiple inequalities on coordination is generally more complex. More general
discussion on NE in a climate game with heterogeneous players can be found in [19].

We note that at an NE, the absolute contribution of player i cannot exceed r; even if r; < ¢;. Otherwise, this player can obtain
a higher payoff by deviating to free-riding. Thus, this assumption does not affect the equilibrium structure of the game.

4 An alternative scenario is one in which players choose their strategies from a finite grid {0, %, ce 1} with sufficiently large m. In
this case, the cooperative NE set consists of finite number of equilibria, and ‘Sf“ > ’Sﬂ forall j # i (k = 1,2,3) implies that there
are more equilibria in which player i contributes the most.
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